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Abstract
This article describes the numerical methods of mathematical modeling of traﬃc ﬂows to meet the challenges
of optimizing the traﬃc light phases at signal-controlled road intersections. The ﬂow of vehicles on multilane
roads is described by Poisson process. The paper introduced, justiﬁed and calculated concept «eﬀective number
of lanes», characterized by a maximum ﬂow of vehicles with diﬀerent phases of traﬃc lights.
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1. Introduction
Mathematical modeling of traﬃc ﬂows began to develop from the middle 20th century and today
is becoming increasingly important due to the rapid development of big cities and their infrastructure
and a growing number of vehicles per capita. In the development of the theory of traﬃc ﬂows was
formed two main approach to this problem - the macroscopic which considers the traﬃc environment as
something whole, usually - as weakly compressible liquid, and microscopic considering every vehicle as
a single particle with its speed and the ﬁnal destination. In this paper, mainly used numerical methods
of microscopic simulation.
Computer simulation methods are universal because they allow to calculate numerical models of
any complexity, but often these calculations require the use of large computer capacity and therefore
not always suitable for real-time control. For more ﬂexible application, simplify conditions are used,
including reducing the problem to a single-lane macroscopic modeling. But the calculation of speciﬁc
values and derivation of empirical relationships requires the microscopic simulation.
Approach by numerical simulation, for example, are widely used by IPM RAS team, in particular,
in [1]. In this paper, for example, has been used application of cellular automata theory to solving the
problem of modeling the motion on thesignal-controlled road intersections.
It should be noted that there are often both macro- and microscopic models considered only single-
lane traﬃc on the roads.
For the obtained results can be used, it is necessary to study the eﬀect of duration of traﬃc lights
and traﬃc light phases on values such as the average capacity at the signal-controlled road intersections,
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the average waiting time, the length of the queue in diﬀerent directions at the intersection of roads. This
let us ﬁnd the optimal functioning of traﬃc lights that minimize these values.
Nomenclature
c signal cycle
ci the duration of the i-st phase
q intensity of the incoming traﬃc, vehicles/min
CPT Cars per time, average capacity at the signal-controlled road intersections, vehicles/min
2. Computer microscopic simulation of traﬃc at the signal-controlled road intersections
2.1. Description of the used model.
In this article, we consider model, constructed by authors which generalizes Treiber’s (IDM) model
to the case of multilane roads, considered in [2, 3].
In this model each car have a desired speed from 0 to some value Vmax, the value d is the distance
between the current vehicle and the next vehicle in front of it. Update rules are set by Treiber’s model.
Acceleration in IDM model is a continuous function that takes into account the diﬀerent models of
driving for all speeds in the road as well as in urban traﬃc.
In addition to the distance between the vehicles (from bumper to bumper) s and the actual speed v,
the model also takes into account the diﬀerence between velocities. Acceleration function in this model
is determined by the formula:
aIDM(s, v,Δv) =
dv
dt
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In this expression the strategy of acceleration on the free road v f ree(v) = a[1−(v/v0)δ] combined with the
strategy of deceleration(braking) vbrake(s, v,Δv) = −a(s/s)2, which became prevailing when gap between
vehicles ceases to be much larger than the eﬀective desired gap s(v,Δv). Free movement characterized
by the desired speed rate v0, maximum acceleration a and exponent δ, determining how the acceleration
is decreasing with increasing speed (δ = 1 corresponds to a linear decreasing). Parameters IDM v0, T , s0
и b have acceptable interpretation, they are justiﬁed empirically and have realistic values [4].
Desired speed initially Gaussian distributed with maximum and minimum limiting values are deter-
mined by the velocity and density distribution
f (x) =
1
σ
√
2π
e−
(x−μ)2
2σ2 ,
where μ - expectation, indicating the abscissa of the maximum of the distribution function, and σ2 -
dispersion. Mathematical expectation in this case is the average speed, dispersion is taken as 0.3 on the
average speed.
In this model is provided a variety of vehicles.
We used this model as a basis for our study and improved it by complicating the drivers strategy
with introducing possible lane changing in the following situations:
1) A vehicle is in a road section where lane changing is allowed.
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2) Lane changing leads to a vehicle’s speed increasing (lowering the traﬃc density) or is required to
achieve the current goal.
3) Safety rule: free space on the target lane behind the entry point ≥ Vmax × t , and in front ≥ V × t,
where t = const = 5 seconds.
Further a lane changes with some probability. This substep is performed in parallel for all vehicles.
On the second substep all vehicles moves forward on each lane, according to single-lane rules, described
earlier. Conﬂict when two vehicles on extreme lanes want to shift to the middle and take the same place,
resolved by restriction to move to the right only on even steps, and to the left on odd steps.
For the purpose of modeling traﬃc at the road intersection this algorithm was generalized by intro-
ducing a so-called «goal parameter». The algorithm proposed in this paper provides the possibility of
achieving the goal. The goals of the vehicle at multilane movement can be, for example, take the exit
oﬀ the road or turn in a certain direction at a traﬃc light. The goals of the vehicles are constant and
can’t be changed. Distribution of goals for each speciﬁc task is determined individually.
In the case of this model approaches and departures are described as sources and sinks. Thus, if the
goal is closer than a certain value, vehicles rolled to a target lane at the ﬁrst opportunity and stay there.
In the case when the driver did not have time to change his lane to his «goal line», he has to stay in his
lane and wait for an opportunity change his lane to the target. In this case he can block the movement
of other vehicles on the current lane.
The distance before the turn from which the drivers attempt to enter the target lane was estimated
with general assumptions and is actually dependent on ﬂow density. In diﬀerent problems it usually
ranges from 75 to 200 meters. In this model the turn is instant, time loss is included in speed limiting
rules. [1, 5].
We consider real or imaginary signal-controlled road intersection with a given traﬃc light mode. Each
destination of the road intersection described as a separate structure «road».
Vehicles on each road are independent of the behavior of other vehicles, except for the road inter-
section. The traﬃc situation at the road intersection observed by all vehicles on all roads. During the
movement near the road intersection vehicles located on the same road account for the position of the
other vehicles to comply with «safety rules». At the moment of turning the vehicle changes the road.
However, it disappears from the original lane and appears on the target lane in the appropriate place,
keeping all its properties. In the model the vehicle must be completely slow down to make his turn.
2.2. Some results in the simulation signal-controlled road intersections
Let’s review the road intersection featured in the article [1] with deﬁned heterogenous ﬂows (Fig. 1).
With next traﬃc light phases: Fig. 2.
For example, the ﬁrst phase means that for the vehicles driving on the lower road a turn right is
allowed, and for the vehicles driving on the left road movement in any direction is allowed. For the rest
of the vehicles movement is prohibited.
By varying the duration of traﬃc lights modes, we can increase the capacity of the road intersection,
that is to increase the average number of cars crossed the crossroad in 1 second. The results lead to
the following conclusions: the same length of all traﬃc lights phases does not provide the maximum
bandwidth. In addition, the mode 1 allows crossing the road intersection vehicles moving along the
direction of maximum input, however, a signiﬁcant relative increase in the duration of the phase does
not lead to an increase in the capacity of the intersection (compare lines 1 and 4).
For each of the directions of the intersection many computational experiments was performed. We
calculated grid values 5 × 5 × 5 × 5 with durations of each phase are 30, 45, 60, 75 and 90 seconds.
Computational experiment was performed for 625 diﬀerent traﬃc lights combinations. Modeling was
performed 10 times for every phase combination, the mean value was placed into the ﬁnal table. Thus
the following sorted table was made. The acquired data was investigated for stability in case of incoming
ﬂow variance:
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13.75 V/min
34 V/min
29.5 V/min
9.5 V/min
Figure 1. Flow density of the road intersection
In this fragment of the table 2.2 the largest values is on the top and the smallest is in the bottom. The
resulting diﬀerence between the worst and best times in the 25% plays quite a big impact on the speciﬁed
ﬂow intensity, which shows that the optimal control traﬃc lights phases can signiﬁcantly improve the
transport state. The resulting phase distribution as close to optimal and close to not optimal, for a given
incoming ﬂows were tested for resistance to small changes in the input rate from diﬀerent sides. The
results show that there is only small change occurs when the ﬂow rate slightly changed.
Table 2 shows that the oscillations of the ﬂow capacity is small, that is, the simulated system behaves
stable.
2.3. Numerical calculating traﬃc at road intersections the uneven distribution purposes
Also a real intersection between Uralskaya street and Krupskoi street from Perm city in Russia was
investigated. Statistics on incoming ﬂow intensity and vehicle goal distribution was obtained from [6]
Fig. 3 represented traﬃc scheme on the intersection. Morning rush hour data was used.
On this scheme, opposed to the previous problem, the targets are not evenly distributed. Fig. 4
shows phases scheme of the T-shaped intersection.
The intensity of the traﬃc during the morning rush hour is on ﬁg. 5.
It was decided for this problem to calculate the optimum distribution of the phases depending on the
traﬃc of the incoming ﬂows. The solution of this problem would help to create intelligent control traﬃc
lights modes, focusing on statistical data ﬂows moving in each direction.
Each grid point was calculated 16 times, average values are placed in the table.
The optimal length of traﬃc light phases is 30 seconds for the ﬁrst phase, 90 seconds for the second
phase and 30 seconds for the third phase. Variation between the best and the worst variant is 35 percent,
which is 914 vehicles per hour for the given ﬂows. This traﬃc capacity plays a big role in the formation
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Phase 4
Phase 3
Phase 2
Phase 1
Figure 2. Lights traﬃc modes
Table 1. Dependency CPT from phase durations in CPT, descending order
Phase1, sec Phase2, sec Phase3, sec Phase4, sec CPT
60 30 45 30 0.737
45 30 30 30 0.737
30 75 45 30 0.737
45 60 45 30 0.736
45 45 45 30 0.735
75 30 45 30 0.735
90 60 45 30 0.734
... ... ... ... ...
45 45 30 90 0.585
30 30 45 90 0.584
30 30 60 90 0.584
45 30 30 90 0.566
30 30 30 90 0.560
of traﬃc jams, which makes it evident that it’s necessary to perform intersection modeling for calculating
the optimal length of traﬃc light phases.
3. Eﬀective number of lanes
For the purposes of our discussion it’ll be useful to introduce the following term - eﬀective number
of lanes, which can be easily explained with this example. Let’s imagine a ﬂow of cars moving on the 6-
lane road and running into a T-shaped intersection. One third of the drivers want to turn left, and the
rest want to go straight. But turning left and moving right cannot be performed at the same time by
the rules of traﬃc. So the two left lanes will be occupied by drivers wanting to turn left. Thus, at the
moment the green light is on for forward movement, the ﬂow of cars won’t be maximum for the given
number of lanes as we might expect, but less by one third, meaning not six thousand but four thousand
automobiles per hour. The eﬀective number of lanes equals four. It’s important to remember that in
modeling the eﬀective number of lanes isn’t always a round number.
3.1. Numerical experiments for calculation of the eﬀective number of lanes
Calculate the eﬀective number of lanes with the help of numerical experiments using the described
model.
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Table 2. Dependency CPT of ﬂow from variations of dencities
Ph1 Ph2 Ph3 Ph4 Orig p2-2 p3-5 p3+5 p4-5 p4+5
30 30 30 30 0.729 0.755 0.724 0.740 0.740 0.733
30 30 30 75 0.594 0.591 0.597 0.589 0.588 0.584
30 30 30 90 0.560 0.565 0.562 0.563 0.568 0.562
30 30 45 30 0.727 0.740 0.732 0.721 0.720 0.720
30 45 30 30 0.716 0.721 0.724 0.724 0.734 0.735
30 45 45 30 0.730 0.738 0.736 0.736 0.734 0.728
30 60 30 90 0.587 0.588 0.588 0.588 0.594 0.580
45 30 30 30 0.737 0.727 0.732 0.731 0.734 0.731
45 30 30 90 0.566 0.576 0.577 0.569 0.575 0.568
45 30 45 30 0.731 0.734 0.735 0.734 0.728 0.725
45 45 45 30 0.735 0.728 0.731 0.716 0.728 0.717
45 45 90 90 0.629 0.639 0.624 0.629 0.629 0.631
90 90 60 60 0.700 0.690 0.700 0.695 0.694 0.688
Table 3. The dependence of the total bandwidth ﬂow on a T-shaped intersection, morning, Sorting in decreasing
order parameter CPT
c1, sec c2, sec c3, sec CPT
30 90 30 0.725
45 90 30 0.715
30 75 30 0.706
60 90 30 0.702
30 60 30 0.691
75 90 30 0.680
... ... ... ...
75 30 90 0.478
45 30 90 0.477
90 30 30 0.475
30 30 90 0.471
The chart reﬂects the relationship between the ratio of the current passing through the intersection of
ﬂow to the maximum possible (when all vehicles allow continued motion) and the percentage of exchanges
which can continue to move at a given traﬃc light phase to a multi-lane road.
Each point on the graph was obtained by averaging 64 measurements.
Thus clearly seen linear relationship. Expectation passing stream thus can be expressed by the
following formula:
E[S k] = S · kq ,
where k - ﬂow rate of vehicles which can motion on the current phase, q - total ﬂow rate, S - ﬂow
rate of vehicles without any motion limitation.
4. Conclusion
This paper considers the numerical simulation methods of traﬃc ﬂows on the signal-controlled road
intersections. The concept of the «eﬀective number of lines» was introduced, which will further allow to
obtain the macroscopic behavior of the vehicles at road intersections. In the paper [7] this concept has
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Figure 3. Scheme of intersection Uralskaya stree - Krupskoi street in Perm city
been used in the study of the behavior of the vehicles at road intersections and for obtaining explicit
formulas for the delay time of vehicles when crossing the crossroad.
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Figure 4. Traﬃc scheme of T-shaped intersection and its phases
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Figure 5. The intensity of the traﬃc during the morning rush hour
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Figure 6. The dependence of the ﬂow-through to the maximum of the percentage of vehicles that can continue
their movement
